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We consider to calculate determinants of matrices whose coefficients are integers or polynomials
with integral coefficients. Speed and precision are important factors for mathematical computing
system. On the calculation of determinants, Gauss elimination method is well known. But the
method takes much time and causes significant errors, because the calculation deals with rational
or decimal fraction numbers.
Our paper presents Sylvester’s Identity and Chinese remainder theorem as the methods to
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, , 1 extended $\mathrm{g}\mathrm{c}\mathrm{d}1$
1 $f,$ $g$ , $f\cdot X+g\cdot Y=1$ $X,$ $Y$ .













7.2.1 (I) $\mathrm{S}\mathrm{y}1_{\mathrm{V}\mathrm{e}\mathrm{s}}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{s})$ Identity
, Sylvester (Sylvester’s Identity) , .
$\blacksquare$ Sylvester’s Identity
$A=[a:,j1$ $n$ .

























$(1\leq P\leq n-1)$ . (2) $A$ , $A$ $(k+1)$
, (3) .




$(k+1\leq i\leq n, k+1\leq j\leq n;k=1,2, \ldots, n-1 )$
. $A^{(k\iota)}-arrow A^{(k)}$ .
: $2(n-k)^{2}$ , : $(n-k)^{2}$ , : $(n-k)^{2}$ (5)
$.\ell=k-2$ two-step fraction-free , .
$a^{(k)}. \cdot,j=\frac{1}{[a_{k-2}^{(k3)}-,k-\mathit{2}]^{2}}$











$(k+1 \leq i\leq n, k+1\leq j\leq n, k+1\leq m\leq n;k=2,4, \ldots, 2\lfloor\frac{n-1}{2}\rfloor)$






$.P=k-3$ three-step fraction-free , .
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$a_{i,j}^{(k)}= \frac{1}{[a_{k-3}^{1,)}k-4k-3]^{3}}$
$(k-3)$ $(k-3)$ $(k-3)$ $(k-\mathit{3})$a
$k-\mathit{2},$ $k-\mathit{2}$
a




$a_{k,k^{-}-2}^{()}k\mathit{3}$ $a_{k,k^{-3}1}^{(k}-)$ $a_{kk}^{1,-}k3)$ $a_{k,j}^{1^{k3})}-$
$a^{(k3}.\cdot,$$k^{-}-2)$ $a^{(k-3)}|.,k-1$ $\mathrm{a}_{\mathfrak{i},k}^{(3)}k-$ $a^{(k-3)}$.
$(8^{\cdot}\dagger$
$Det3(a, b, C, d, e, f, g, h, i, j)=\{a(ei-fh)+b(fg-di)+c(dh-eg)\}/j$
$\{$
$c_{0^{k-}}^{(3)}$ $=$ $Det3(a_{k\mathit{2},k}^{1^{k}}--2’ k-2,k-1’ a-3)a(k-3)(k-3)k-2,k’ k-a-1(k\mathit{3}.)k-2’ a^{(}k-k-13,)k-1’ a_{k,k-1}^{(-}k\mathit{3})$ ,
$a_{k,k-}^{(k-s)(}2’ a_{k}k,-s)k-1’ ka^{1},-\mathit{3})akk’(k-k-3,k-4)3)/a_{k-}(k-4)3,k-3$
’
$c_{i\mathit{3}}^{(k-3)}$ $=$ $Det3(a_{k}^{(}-2,k-2’ a^{\mathrm{t})(k3)(k}-k-3,-,3),(k-3),$$a {\mathrm{t}k3)}k\mathit{3})k-\mathit{2},k-1a-ka_{k}k2 1.k-2a_{ }-\iota.k-1k,k--1$ ,
$a_{\mathfrak{i}.k-\mathit{2}}-3,$$a_{ , ^{-}}-1’ a(k)\mathrm{t}k\mathit{3})(.\cdot,kk^{-}’ k3)a-3,k-\mathit{3})(k-4)/a\mathrm{t}k-4)k-3,k-3$
’
$c_{i2}^{(k-\mathit{3})}$ $=$ $Det3(a-2,k-2’ a\mathrm{t}k-3)\mathrm{t}k-\mathit{3})kk-2,k-1’ k-2a^{(}-,’ a_{k,k-}^{(-},$$a_{k}k\mathit 3})kk3) k-\mathit{3}2,k-1’ k,k)(ak-3\rangle$ ,
$a^{(k-3}.\cdot.-,$$a^{(k}-1’ ak2)i.k^{-}3)!^{k-}..k’ k-3.k-3)/3)a^{1-}k4)(k-ak-3,k-4)\mathit{3}$
’
$c_{i1}^{1-}k3)$ $=$ $Det3(a-1,’ a1^{k}-kk-2k-1,k3)(k-\mathit{3})-1’ a_{k1k}^{(3)1^{k})(k-s)}k--,’ a_{k},-\mathit{3}a-1’ a_{k}k-2’ k,k(k,-3)k$
’
$a^{(k-3}.\cdot,-,$ $a^{(k3)}.,-,$$a^{(k\mathit{3})} 2)|k-1\cdot.,k^{-}’ a\mathrm{t}k-k-3,k-4)\mathit{3})/a_{k-\mathit{3}}(k-4,)k-3’$
.




$a_{kj}^{(3)}k--1,-C\cdot a-2,j$ )$|1^{-}k/(k\mathit{3})(k-\mathit{3})a(k-4)k-3.k-3$ ’
$a_{k.k}^{(k)}-\mathrm{l}$ $=$ $c_{0^{k-}}^{(3)}$ ,
$a_{k1h}^{(k2)}--$. $=$ $a_{k-1,h}^{(k)}=(a_{k-2}^{(-}.ak3)k-2(k-3)k-1.h-a_{k-\overline{\iota}}^{(k}3,)k-\mathit{2}(a_{k-2}-,)h/a^{(k-}k3)k-3,k-4)3$ ’
$a_{k,m}^{(k-1})$ $=$ $a_{k,m}^{(k)}=Det3(a_{k}^{(}-2_{1}k-\mathit{2}’ a-\mathit{3})(k-3),$$a-1k-\mathit{2},m’ a-3)(k-\mathit{3}),$$a-,k-\mathit{2}k-2, ’ kk-\mathit{2},k\mathrm{t}kk1(k-3)(k-3)k-1,m$ ’
$a_{k,k-}^{(-}a_{k}^{(},-\mathit{3})a^{()}k\mathit{3})\mathit{2}’ kk-\iota’ km’ k-|3,k-a^{\langle}\mathit{3}k-\mathit{3}k-4))/a_{k-}(k-4)3,k-3$
’
$(k+1 \leq i\leq n, k+1\leq j\leq n, k+1\leq m\leq n, k-1\leq h\leq n;k=3,6, \ldots, 3\lfloor\frac{\mathfrak{n}-1}{3}\rfloor)$








. , $\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{p}$ fraction-free
$a_{k_{J}}^{(1)}k,-=0$ , $J<k$ , (10)
. (1), (10) , (4), (6), (8)
, , (11) ( ,

















, (1), (10) , (4), (6), (8)
, $A$ , n,n-]) .






$r_{1}$ (mod $m_{1}$ )





, 1 $x_{t}$ -








, $t$ $m_{1},$ $m_{2},$ $\ldots,$ $m_{1}$ ,
$r_{1},$ $r_{2},$ $\ldots,$
$\Gamma_{l}$ . (12) , ,
(13) . ,
(13) $m_{1}m_{2}\ldots m_{t}$ , – .
( , , $t$ .
,
.
, Hadamard . ,




1) . ( 10 8
999 :99, $981,793\sim 99,999,989$ )
2) $M(35, X),$ $M(39, X)$ ; $2\leq x\leq$ 1,000 50 508 (
) .
3) $n$ – $f_{n}$
$\mathrm{g}\mathrm{c}\mathrm{d}(P, q)=1$ , $fo=0$ , $f_{1}=1$ , $f_{n}=p\cdot f_{n-1}+q\cdot f_{\mathfrak{n}-2}$
$\mathrm{g}\mathrm{c}\mathrm{d}(m, n)=1\Rightarrow \mathrm{g}\mathrm{c}\mathrm{d}(f_{m}, f_{\mathfrak{n}})=1$
$f_{n}$ . $m,$ $n$ , $p=q=1$ .
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$\blacksquare$ Hadamard
$n$ $A=1^{a}\cdot,j1$ $(1 \leq i\leq n, 1\leq j\leq n)$
$| \det(A)|\leq.\cdot\prod_{=1}^{n}..\sqrt{a^{2}+1a^{2}2^{++a^{2}}i\mathfrak{n}}$
. , $|\det(A)|$ .
$\blacksquare$ Gauss
$M=m_{1}m_{2}\ldots m_{t}$ , $M_{k}=M/m_{k}$ $(1 \leq k\leq t)$
. $\mathrm{g}\mathrm{c}\mathrm{d}(M_{k}, m_{k})=1$ .
$\ell_{k}M_{k}\equiv 1$ (mod $m_{k}$ )
$p_{k}$ , (12) .
$x\equiv r_{1}P_{1}M1+r_{2}l_{2}M_{2}+\ldots+r_{t}\ell \mathrm{c}M_{t}$ (mod $M$ )
$\blacksquare$ Garner
(12) .
$v_{\mathit{0}}\equiv r_{1}$ (mod $m_{1}$ ), $L_{k}=. \cdot\prod_{=1}^{k}m$ . $(1 \leq k\leq t)$
. $\mathrm{g}\mathrm{c}\mathrm{d}(L_{k-}1, mk)=1$ .
$v_{k-1}L_{k-1}\equiv r_{k}-(v_{\mathit{0}}+v_{1}L_{1}+\ldots+v_{k-2}L_{k2}-)$ (mod $m_{k}$ )
$v_{1},$ $v_{2\cdot\cdot \mathrm{t}-1},.,$$v(0\leq v_{k}<m_{k+1})$ (
$m_{k}$ ),
$x\equiv v_{\mathit{0}}+v_{1}L_{1}+\ldots+v_{1-1}L_{\iota-1}$ (mod $L_{1}$ )
. 1 , .
7.3 -
72 , 1 ,
1 extended $\mathrm{g}\mathrm{c}\mathrm{d}$ .
1 , Sylvester fraction-free Gauss
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. , , .
1 extended $\mathrm{g}\mathrm{c}\mathrm{d}$ , , Sylvester







$\mathrm{H}\mathrm{P}9000/735$ ( $\mathrm{O}\mathrm{S}$ :HP-UX, $80\mathrm{M}\mathrm{B}$ )
72 3 .
(I) single, two, three-step fraction-free, (II) Gauss
, Garner , , asir $\mathrm{d}\mathrm{e}\mathrm{t}$ ,
asir deter 8 . , $\mathrm{d}\mathrm{e}\mathrm{t}$ , deter single-
step fraction-free . , .
A) 9\sim 15 , 100\sim 1,000
, .
B) Sylvester fraction-free , 10\sim 300 , 5
10 , .
C) Sylvester fraction-free , , 1
( 5 ) , .
D) , 722 , 8\sim 11
, .
, . – 77
.
7.4.1
, 8 , A) .
. 12 2 .
. , Sylvester fraction-free . ,
9 1,000 ,
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$\text{ }10$ 700 ,
$\text{ }11$ 500 ,
$\text{ }12$ 400 ,
$\text{ }13$ 350 ,
14 300 ,
$\text{ }15$ 250
step Sylvester fraction-free , .
. , Sylvester 10
.
.Sylvester fraction-free , $9\sim 15$ , two-step
, single-step, three-step . two-step , single-step 2
. 3 , single-step three-step .
. , single-step . ,
, .
A) , three-step . , , three-step
. , , B) .
10 100 3 , .
. , 10 $\text{ }\mathrm{t}\text{ }$ two-step , single-step, three-
step . , 20 , three-step single-step
. , 70 two-step three-step
, three-step .. , , step fraction-free ,
.
, C) , .
4 , .
$.\mathrm{S}\mathrm{y}1_{\mathrm{V}\mathrm{e}\mathrm{S}}\mathrm{t}\mathrm{e}\mathrm{r}$ fraction-free , .
. , single-step two-step , .
, single-step three-step , 20
.
. , , step fraction-free





. A) , 2) ,




$\text{ }$ 1word , 1 .
$\text{ }$ , 2), 3) . , 2
.
lprime$()$ 999 , 8,000
.
. 2) .
$\text{ }$ 50 , 1 , 1word
.
1) , 2 .




. 3) . 2 .
$\text{ }$ , 2) , .
$\text{ }$ , .
, 500 172,176
, . , 1,229 $(9,997)$








step . two-step , single-step
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. , , .
. , lcm
, Sylvester fraction-free ,
.
. , HP asir karatsuba
impliment . karatsuba ,
fraction-free Sylvester two-step , 2\sim 3
. step ( 2 ).
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